We prove that for every k ∈ N there is a constant c k > 0 with the following property. Every set of n > 1 continuous curves in the plane, any pair of which intersect in at most k points, has two disjoint subsets A and B, each of size at least c k n, such that either every curve in A intersects all curves in B, or no curve in A intersects any curve in B. This statement does not remain true if we drop the condition on the number of intersection points per pair.
Introduction
A classical result of Erdős and Szekeres [10] in Ramsey theory states that every graph on n vertices contains a clique or an independent set of size † at least 1 2 log n. This bound is tight up to a constant factor: Erdős [7] showed that there exists a graph on n vertices, for every integer n > 1, with no clique or independent set with more than 2 log n vertices. Erdős and Hajnal [8] proved that certain graphs contain much larger cliques or independent sets: For every hereditary family F of graphs other than the family of all graphs, there is a constant c(F) > 0 such that every graph in F on n vertices contains a clique or an independent set of size at least e c(F ) √ log n . (A family of graphs is hereditary if it is closed under taking induced subgraphs.) They also asked whether this bound can be improved to n c(F ) . This motivates the following definitions. Definition 1. A family F of finite graphs has the Erdős-Hajnal property if there is a constant c(F) > 0 such that every graph in F on n vertices contains a clique or an independent set of size at least n c(F ) .
A complete bipartite graph is said to be balanced if its vertex classes differ in size by at most one. A balanced complete bipartite graph with n vertices is called a bi-clique of size n. Definition 2. A family F of finite graphs has the strong Erdős-Hajnal property if there is a constant b(F) > 0 such that for every graph G in F on n > 1 vertices, G or its complement G contains a bi-clique of size at least b(F)n.
have nonempty intersection. As noted by Ehrlich, Even, and Tarjan [6] , not every graph can be realized as an intersection graph of connected sets in the plane. For instance, the bipartite graph on 15 vertices formed by replacing each edge of K 5 by a path of length 2 has no such realization. This implies, using the above result of Erdős and Hajnal, that the intersection graph of any n connected sets in the plane contains a clique or an independent set of size e c √ log n , for some absolute constant c > 0. This general bound has been improved for intersection graphs of certain geometric objects. Pach and Solymosi [?] proved that the family of intersection graphs of line segments in the plane has the strong Erdős-Hajnal property. Later, Alon et al. [2] generalized this result and showed that the intersection graphs of semialgebraic sets of constant description complexity in R d also have the strong Erdős-Hajnal property. Recently, Basu [4] has further extended this result to a broader class of algebraically defined sets.
A (simple) curve in the plane is the range of a continuous (injective) function f : I → R 2 whose domain is a closed interval I ⊂ R. A collection of curves is k-intersecting if any two of them intersect in at most k points. A 1-intersecting collection of curves is also called a family of pseudo-segments. A collection of connected portions of algebraic curves of maximum degree d in general position is d 2 -intersecting (by Bézout's theorem). Clearly, the family of intersection graphs of k-intersecting collections of curves is hereditary. The main result of this paper is the following.
Theorem 1.1. Let C be a k-intersecting collection of n > 1 curves in the plane such that the number of intersecting pairs of curves is at least εn 2 , for some ε > 0. Then the intersection graph of C contains a bi-clique of size at least c k ε
c n, where c is an absolute constant and c k > 0 depends only on k.
The constant c in Theorem 1.1 can be taken to be 64, but probably this value is far from optimal.
A separator for a graph G = (V, E) is a subset V 0 ⊂ V such that there is a partition V = V 0 ∪ V 1 ∪ V 2 with |V 1 |, |V 2 | ≤ 2 3 |V | and no vertex in V 1 is adjacent to any vertex in V 2 . According to the Lipton-Tarjan separator theorem [18] , every planar graph with n vertices has a separator of size O( √ n). Fox and Pach [14] proved the following generalization of this result: The intersection graph of any finite collection of curves in the plane with a total of m intersection points (crossings) among them has a separator of size O( √ m).
Suppose now that C is a k-intersecting collection of n > 1 curves in the plane that does not satisfy the condition in Theorem 1.1, for some ε > 0. That is, C has fewer than εn 2 intersecting pairs of curves. If ε = ε k is sufficiently small, then we can apply the above mentioned separator theorem from [14] with m < kεn 2 to conclude that the complement of the intersection graph of C contains a bi-clique of size at least constant times n. Therefore, Theorem 1.1 implies Corollary 1.2. For every k ∈ N, the family of intersection graphs of k-intersecting collections of curves in the plane has the strong Erdős-Hajnal property. That is, for every k ∈ N, there is a constant c k > 0 such that the intersection graph of every k-intersecting collection of n curves or its complement contains a bi-clique of size c k n.
The last statement settles a problem raised in [20] . Note that Corollary 1.2 is false if we drop the condition that the number of intersection points between two curves is bounded by a constant. Indeed, combining a result of Fox [11] with the fact that the incomparability graph of any partially ordered set can be obtained as the intersection graph of a collection of curves [20, 21] , we can conclude that for every ε > 0, there is a collection of n curves in the plane whose intersection graph G contains no bi-clique of size 14n ε log n , and G contains no bi-clique of size n ε . A Jordan region is a subset of the plane that is homeomorphic to a closed disk. We say that a Jordan region R contains another Jordan region S if S lies in the interior of R. Clearly, if two Jordan regions intersect, then either their boundary curves intersect or one contains the other in its interior. A crossing between a pair of Jordan regions is defined as an intersection point of their boundaries or a containment between them. (Two Jordan regions may have arbitrarily many crossings.) A family of Jordan regions is k-intersecting if the family of the boundary curves are k-intersecting.
Define an r-region to be a subset of the plane that is the union of at most r Jordan regions. Call these (at most r) Jordan regions of an r-region the components of the r-region. A family of r-regions is k-intersecting if the family of all their components are k-intersecting. We are assuming here that no two r-regions in a k-intersecting family of r-regions have a common component, although this assumption is not necessary.
We prove the following generalization of Corollary 1.2. Alon et al. [2] proved that the intersection graphs of collections of semi-algebraic sets of constant description complexity in R d have the strong Erdős-Hajnal property. Theorem 1.3 generalizes the planar case of this result. Indeed, the boundary of a semi-algebraic set of bounded description complexity in the plane is the union of a bounded number of algebraic curves of bounded degree, any two of which either intersect in a bounded number of points or overlap. By slightly perturbing the semi-algebraic sets, while maintaining their intersection pattern and their description complexity, we can assume that their boundaries do not overlap. By slightly "fattening" these sets, if necessary, we can also assume that each of them is the union of a constant number of Jordan regions.
The paper is organized as follows. Sections 2-5 add up to the proof of Theorem 1.1. Given a k-intersecting collection of curves, it is enough to find a large bi-clique in the intersection graph of some portions of the curves. If we truncate the curves at their intersection points with one or two special curves (called grounds), we obtain a set of grounded or double grounded curves (defined in Section 3). The arrangement of curves that connect points on two grounds which are disjoint except for one endpoint of one of the grounds is incident to the other ground is homeomorphic to an arrangement of curves connecting points on two parallel lines, x = 0 and x = 1, which we call [0, 1]-curves. Intersection graphs of [0, 1]-curves can, in turn, be realized as incomparability graphs.
In Section 2, we prove some auxiliary results on the structure of K t,t -free comparability and incomparability graphs. In Section 3, we introduce grounded and double-grounded collections of curves and prove a lemma on the intersection pattern of double grounded curves with other curves (Lemma 3.2). Section 4 is the heart of the proof of Theorem 1.1: we prove Theorem 1.1 for [0, 1]-curves (Theorem 4.1). In Section 5, we put the pieces of the puzzle together and prove Theorem 1.1. We do not make any serious attempt to optimize absolute constants in our statements and proofs. Theorem 1.3 will be established in Section 6. The last section contains some applications of our results as well as a few open problems.
There are two different types of crossings of curves. An intersection point p of a pair of curves is a proper crossing for the pair of curves if any local deformation still preserves the existence of an intersection point. Otherwise, p is a touching point for the pair of curves. A collection C of curves in the plane is in general position if no three curves in C contain the same point, there are no touching points, and no point is an endpoint of two curves in C. Note that we can modify a pair of curves in the neighborhood of a touching point p so that the resulting curves have two proper crossings in the neighborhood of p. Therefore, if C is a k-intersecting collection of curves in the plane, then by slightly moving the curves in a small neighborhood of each intersection point, we obtain a 2k-intersecting collection C of curves in the plane in general position with the same intersection graph as C. Consequently, we will assume without loss of generality throughout the remainder of the paper that every collection of curves in the plane we consider will be in general position.
The Structure of Comparability and Incomparability Graphs
A comparability graph of a poset (P, ≺) is a graph on the vertex set P , where two elements of P are adjacent if and only if they are comparable. The incomparability graph of a poset (P, ≺) is defined analogously, except that now two elements of P are connected by an edge if and only if they are incomparable.
In this section, we prove a few auxiliary results on comparability graphs and incomparability graphs of partially ordered sets (posets). The central role that partial orders play in the analysis of intersection patterns of curves can be explained by the next lemma (Lemma 2.1). It shows that in the important special case when the curves connect two parallel lines in the strip bounded by them, their intersection pattern can be fully described by a partial order.
We The following lemma was established in [12] ; we include its very short proof for completeness.
edges.
Proof. Since the family of incomparability graphs of 2-dimensional posets is hereditary, it is enough to find a vertex of degree at most 2t − 2. Every 2-dimensional poset on n vertices can be realized as P π , for a suitable permutation π. Suppose for contradiction that the degree of every vertex of the incomparability graph of P π is at least 2t − 1. Notice that every i ∈ [n] is incomparable with
is incomparable with at least 2t − 1 other elements of [n], we have π(i) ≥ t + 1 for i ∈ [t] and i ≥ t + 1 for π(i) ∈ [t]. In particular, every i ∈ [t] is incomparable with every element j with π(j) ∈ [t]. Hence, the incomparability graph contains K t,t , which is a contradiction.
A partially ordered set (P, ≺) is called an interval order if one can assign an interval (x L , x R ) to each x ∈ P such that x R < y L if and only if x ≺ y. Lemma 2.3. If G is a K t,t -free comparability graph of an interval order (P, ≺) with n elements, then G has at most 2(t − 1)n edges.
Proof. Let P = {I 1 , . . . , I n } be a set of n intervals representing the interval order (P, ≺). If there is an integer i ∈ [n] such that at least t intervals are to the left of I i (that is, there are at least t intervals I j with I j ≺ I i ) and at least t intervals to the right of I i , then the comparability graph of the interval order (P, ≺) contains K t,t . So, for every i ∈ [n], there are fewer than t intervals to the left of I i or there are fewer than t intervals to the right of I i . Partition P into two subsets P = L ∪ R such that I i ∈ L if and only if there are at least t intervals to the left of I i . If L has at least t elements, then there are at least t intervals to the left of the left-most endpoint p of all intervals in L, and all intervals of L are to the right of p, which contradicts our assumption that G is K t,t -free. Hence, we have |L| < t. Since each interval in R has at most t − 1 intervals on its left, the number of edges of G is at most |L|n
The edge density of a graph with n vertices and m edges is the fraction m/ n 2 of vertex pairs connected by an edge. Next, we show that if an incomparability graph is fairly dense but does not contain a large bi-clique, then it has a large induced subgraph whose edge density is close to 1. 5n 3 elements of U . We next show that the edge density of the incomparability graph of (I ∩ U, ≺) is close to 1. Denote by i the largest element of I. For every j ∈ I ∩ U , let F j be the set of integers f such that j < f ≤ i and j ≺ f ; and let H j be the set of integers h such that i < h ≤ n and h is incomparable with j. Notice that every element f ∈ F j is incomparable with every element h ∈ H j , otherwise j ≺ f ≺ h would contradict that every element of H j is incomparable with j. Notice, further, that
. It follows that |F j | < t, otherwise already the incomparability graph of F j ∪ H j would contain K t,t . Therefore, each element j ∈ I ∩ U is incomparable with all but at most t − 1 elements k ∈ I with j < k. Hence, the edge density of the subgraph induced by I ∩ U is at least
Double-Grounded Curves
A collection C of curves in the plane is grounded if there is a closed Jordan curve γ (which is a ground for C) such that each curve in C has one endpoint on γ and the rest of the curve is in the exterior of γ. A collection C of curves in the plane is double-grounded if there are disjoint closed Jordan curves γ 1 and γ 2 such that each curve α ∈ C has one endpoint on γ 1 and the other endpoint on γ 2 , and the rest of α is disjoint from both γ 1 and γ 2 .
A collection C of n grounded curves can naturally be labeled cyclically along a ground γ. Start by assigning the label 0 to any curve in C and then proceed to label the remaining curves clockwise, breaking ties arbitrarily, so that the (i + 1)-th curve along γ has label i. The labels are elements of Z n . We can define the distance between a pair of grounded curves in C as the cyclic distance between the labels, that is, the distance d(i, j) between the curve labeled i and the one labeled j is min(|i − j|, n − |i − j|). We let [i, j] Proof. We may assume without loss of generality that the Jordan regions bounded by γ 1 and γ 2 are disjoint. Define the cyclic labeling for A based on their endpoints along γ 1 . Consider two intersecting curves α i , α j ∈ A labeled i and j, respectively. The endpoints of α i and α j partition γ 1 into two simple curves γ 1 [ij] and γ 1 [ji] . One of γ 1 [ij] and γ 1 [ji] together with portions of α i and α j forms a closed Jordan curveγ 1 that separates γ 2 from the other part of γ 1 . Every curve in A whose endpoint at γ 1 is separated from γ 2 byγ 1 must intersect α i or α j . It follows that if the cyclic distance of two intersecting curves in A is at least 2d, then one of them must intersect at least d curves of A. Since we assume that no curve in A intersects more than d other curves of A, the cyclic distance between any two intersecting curves in A is less than 2d.
Split every curve β ∈ B at its intersection point(s) with the grounds γ 1 and γ 2 into at most 2k + 1 pieces such that the relative interior of each piece is disjoint from the grounds (refer to Fig. 4 ). For every β ∈ B, let β be a piece of β that intersects the most curves in A. So β intersects at least 15kd 2k+1 ≥ 5d curves in A. Let α i and α j be curves that intersect β and have maximum cyclic distance. Since β intersects at least 5d curves in A, and |A| ≥ 15kd ≥ 15d, there are two curves α i , α j ∈ A that intersect β and whose cyclic distance is at least 5d − 1. The next lemma, which follows easily from the previous lemma, is used multiple times in the proof of Theorem 1.1. As discussed at the end of the introduction, by slightly moving curves if necessary we may assume without loss of generality that the collection of [0, 1]-curves are in general position.
Roughly speaking, our strategy is to try to prove Theorem 4.1 by induction on k. The base case k = 1 is resolved in Lemma 4.2 below. Ideally, for k ≥ 2, we would like to find a curve Γ ∈ C such that the portions of the [0, 1]-curves that intersect Γ and stretch between L 1 and Γ form a (k − 1)-intersecting family C of at least Ω k (ε 2 n) curves with Ω k (|C | 2 ) intersecting pairs. If this were the case, we could use induction on k, because the Jordan-Schönflies theorem (see, e.g., [19] ) implies C is homeomorphic to a collection of [0, 1]-curves where Γ acts as the second line L 2 . Unfortunately, we will not be able to exclude that a small number of pairs of curves in C intersect in more than k − 1 points. This motivates the following definition.
For ε, δ ∈ (0, 1] and k, n ∈ N with k ≥ 1, n ≥ 2, let f (ε, δ, k, n) denote the largest integer t ∈ N with the following property: For any collection C of n [0, 1]-curves in the plane in general position with at least εn 2 intersecting pairs, at most δn 2 pairs of which intersect in more than k points, the intersection graph of C contains K t,t . 
Proof. Let C be a collection of n [0, 1]-curves in the plane in general position with at least εn 2 intersecting pairs, at most ε 2 n 2 of which intersect in more than 1 point. So there are at least ε 2 n 2 pairs of curves in C that intersect in exactly one point. Define a two-dimensional partial order ≺ on C so that α ≺ β if the endpoint of α lies below the endpoint of β on L i , i = 1, 2. Since there are no touching intersection points, then each pair of curves in C that intersect in exactly one point are incomparable by ≺. Therefore, the incomparability graph of (C, ≺), which is a subgraph of the intersection graph of C, has at least ε 2 n 2 edges. By Lemma 2.2, the incomparability graph of (C, ≺) and hence also the intersection graph of C contains K t,t with t ≥ ε 4 n.
Our next theorem is the main tool in the proof of Theorem 4.1. 
where ε = Before proving Theorem 4.3, we first use it to establish Theorem 4.1. Applying Theorem 4.3 successively k − 1 times with t = (10k) −30k ε 2 n, and then Lemma 4.2, we obtain that
which proves Theorem 4.1. Indeed, we obtain
, and Proof of Theorem 4.3: Let C be a collection of n [0, 1]-curves with m ≥ εn 2 intersecting pairs, at most δn 2 of which intersect in more than k points. Suppose further that G, the intersection of graph of C, is K t,t -free. Since G is K t,t -free and has at least one edge, then 1 < t ≤ For every curve γ ∈ C 1 , let C 1 (γ) be the set of all curves α ∈ C 1 such that α ≺ 1 γ and α ∩ γ = ∅; and let d(γ) = |C 1 (γ)|. Note that γ∈C 1 d(γ) is the number e(G 1 ) of edges of G 1 . (Refer to Fig. 2 .) For two intersecting curves α, β ∈ C 1 , let α β denote the portion of α between its endpoint on L 1 and its first intersection point with β. Let T be the set of triples
We now give a lower bound on the cardinality of T . For any two curves α, β ∈ C 1 (γ), if we follow γ from its endpoint at L 1 , we either meet α before β or vice versa: We have either γ α ∩ β = ∅ or γ β ∩ α = ∅. Therefore, for each γ, there are at least
triples in T with last coordinate γ. So
10 ,
where we use (Fig. 2,  left) . All other triples of T are good (Fig. 2, middle) . We next give an upper bound on the number of bad triples. Distinguish two kinds of bad triples: A bad triple of the first kind contains at least one pair of curves incomparable under ≺ 2 ; in every remaining bad triple (α, β, γ), of the second kind, all pairs are pairwise comparable under ≺ 2 but the intersection points α ∩ γ and β ∩ γ span disjoint subcurves along γ.
Since the incomparability graph of the 2-dimensional poset (C 1 , ≺ 2 ) is a subgraph of the intersection graph G 1 , applying Lemma 2.2, it follows that (C 1 , ≺ 2 ) contains fewer than 2tn 1 incomparable pairs. Every incomparable pair can participate in up to 2n 1 ordered triples (α, β, γ) ∈ T . So there are at most 4tn That is, A is a collection of curves that contains, for each curve in C 1 that intersectsα in at most k points and has a left endpoint above that ofα, the portion between L 1 and its first intersection withα. The collection B contains all other curves of C 1 that intersectsα in at most k points, and it also contains the remaining portions of the curves covered by A (Fig. 2,  right) . Notice that |A| ≤ |B| < n 1 , and the collection of curves in A is double grounded with the grounds being the line L 1 and the curveα. Also notice that the number of intersecting pairs (γα, β) ∈ A × (A ∪ B) is at least n 2 1 /40; and so the cardinality of A is at least n 1 /50.
. First assume that the number of intersecting pairs in A is at most µ. In this case, the number of intersecting pairs in A × B must be at least n 2 1 /40 − 2µ, which is greater than 20k √ µn 1 . Applying Lemma 3.2, we find subsets A ⊂ A and B ⊂ B such that
, and
and every curve in A intersects every curve in B . Even though a curve of C 1 may have a portion in A and a disjoint portion in B, nevertheless, the intersection graph of C still contains K t,t . Next assume that the number of intersecting pairs in A is larger than µ = n
. Let us estimate the number of pairs βα, γα ∈ A that intersect in at least k points. Clearly, |βα ∩γα| ≤ |β ∩γ|, and there are at most δn 2 pairs with |β ∩γ| > k. If |βα ∩γα| = k and |β ∩ γ| = k, then (α, β, γ) is a bad triple of T . Hence, the number of pairs in A that intersect in at least k points cannot exceed
In the first case we showed that G contains the bi-clique K t,t , and in the second case the intersection graph of A contains a bi-clique with parts of size
Proof of Theorem 1.1
The aim of this section is to prove Theorem 1.1. In order to use our results on [0, 1]-curves and on double-grounded curves, we choose one or two curves to act as grounds. By Observation 2, the intersection graph of the portions of the curves between the chosen ground curves can be realized by [0, 1]-curves. (ii) G is the intersection graph of a k-intersecting collection C of grounded curves with the following property: We are given a ground g and a curve α with one endpoint incident to g and the rest of α lying in the exterior of g. Every curve of C has one endpoint incident to g, the other endpoint incident to α, and the rest of the curve is disjoint from α and g. (See Fig. 3 .) 2 
(d) The segments along the radii can be identified by a further deformation, and an inversion transforms the curves into a collection described in Observation 2(ii). The above mapping of a collection of curves in (a) to the collection in (d) is invertible.
Theorem 5.1. Let C be a k-intersecting collection of n curves. Suppose that C 1 ⊆ C is a collection of grounded curves with ground g, C 2 = C \ C 1 is a collection of curves disjoint from g, and there are at least εn Proof. For any curve γ ∈ C 1 , let N (γ) denote the set of curves in C that intersect γ, and let d(γ) = |N (γ)|. Label the curves α ∈ N (γ) with integers from 1 to d(γ) according to their closest intersection points to the ground along γ, that is, the label γ (α) of α ∈ N (γ) is the number of curves that intersect the portion of γ between g and its first intersection with α. The sum of the labels is
for a given γ ∈ C 1 . Since γ∈C1 d(γ) ≥ εn 2 , the sum of all the labels is
by Jensen's inequality. Let the weight w(α) of a curve α ∈ C be the sum of its labels, so w(α) = γ:α∈N (γ) γ (α). Pick a curveα of at least average weight, which is at least ε 2 2 n 2 . Let A be the set containing the portion of every curve γ ∈ N (α) between g and its first intersection withα. Let B be the set containing all curves γ ∈ C \N (α), γ =α; and the portion of every curve γ ∈ N (α) beyond its first intersection withα. The number of intersecting pairs in A × (A ∪ B) is at least the weight ofα, which is at least
. Assume first that the number of intersecting pairs in A is at most m. This means that the number of intersecting pairs in A × B must be at least Now we prove (ii). As before, if the number of intersecting pairs in A is at most m, then we are done. So we may assume that the number of intersecting pairs in A is larger than m. By applying (i) to the collection A, it follows that the intersection graph of A (and hence, the intersection graph of C) contains a bi-clique of size at least
for some constant c k > 0 depending on k.
We are almost ready to prove Theorem 1.1. In the proof, we choose a curve of a k-intersecting family as a ground and apply Theorem 5.1(ii). Since each curve intersects any other curve in at most k points, but a ground may intersect each curve in only one point, we keep only a piece of each curve, using the following proposition. Proof. Every curve α ∈ C that intersects g can be split into at most k+1 disjoint subcurves, each intersecting g in exactly one point (namely, at an endpoint), see Fig. 4 . Let C contain one subcurve of each curve of C chosen uniformly at random. Each intersection point of two curves of C is the intersection point of two subcurves in C with probability at least 1/(k + 1)
2 . The expected number of intersecting pairs (α , β ) ∈ C × C with (α, β) ∈ M is at least m/(k + 1)
2 , hence there is a choice of subcurves C that gives at least m/(k + 1) 2 such intersecting pairs.
We now have all the ingredients to prove Theorem 1.1.
Proof of Theorem 1.1: Let C be a k-intersecting collection of n curves in the plane with at least εn 2 intersecting pairs. Successively delete every curve of C that intersect fewer than ε 2 n other curves. We are left with a collection C 0 ⊆ C of curves, each of which intersects at least εn/2 other curves of C 0 . Since the deletion of these curves removes fewer than εn 2 /2 intersecting pairs, there are still at least εn 2 /2 intersecting pairs in C 0 . Choose an arbitrary curve g ∈ C 0 and let C 1 ⊂ C 0 be the set of curves that intersect g. Since each curve in C 0 intersects at least εn/2 others, there are at least ε 2 n 2 /4 intersecting pairs (α, β) ∈ C 1 × C 0 .
By Proposition 5.2, there is a collection C 0 of subcurves of curves in C 0 \ {g} such that the subcurves C 1 ⊆ C 0 of the curves of C 1 are grounded curves with ground g and there are at least
, we conclude that the intersection graph of C 0 , hence that of C, contains a bi-clique of size at least c k ε 64 n 2 , for some constant c k > 0 depending only on k. 2
Proof of Theorem 1.3
We need the following separator theorem from [14] , mentioned in the introduction. Recall that a crossing between a pair of Jordan regions is defined as an intersection point of their boundaries or a containment between them. Applying this result successively to a collection C of Jordan regions in the plane, we obtain a number of small clusters of C such that any two regions belonging to distinct clusters are disjoint. 
|W |, and no set in W 1 intersects a set in W 2 . In this case, let
Every S i is a collection of disjoint subsets of C. Therefore, we have W ∈S i m(W ) ≤ m. Since each set partitioned at step i has at least ( i n elements, the number of subsets partitioned at step i is at most ( i . Thus, for i ∈ [q], the number of sets in C that belong to one of the subsets in S i−1 , but not to any subset in S i , is
by Jensen's inequality, using the concavity of the function g(x) = √ x. Let V 0 be the set of elements of C that do not belong to any subsets in S q . Summing the number of deleted sets over all steps, we obtain that 
Applications and Open Problems
First, we mention some applications of Theorem 1.1 and Corollary 1.2. We conclude by listing a few open problems.
In [15] , we use Theorem 1.1 to prove the following result. The chromatic number of every K t -free intersection graph of n ≥ t curves in the plane, with no pair of curves intersecting in more than k points, is at most (c k log n log t ) c log t , where c is an absolute constant and c k > 0 depends only on k. In particular, this implies that, for any ε > 0 and for any positive integer k, there is a δ = δ(ε, k) > 0 such that the intersection graph of every k-intersecting collection of n curves in the plane contains a clique of size at least n δ or an independent set of size at least n 1−ε . This result is a strengthening of the Erdős-Hajnal property for intersection graphs of k-intersecting families of curves. This stronger version was not known even for intersection graphs of straight line segments.
The well-known crossing lemma, proved independently by Ajtai et al. [1] and Leighton [17] , states that every graph of n vertices and m ≥ 4n edges, drawn in the plane so that the vertices are represented by points and the edges by continuous arcs connecting the corresponding points, determines Ω(m 3 /n 2 ) crossings. This is easily seen to be equivalent to saying that there is always an edge that participates in Ω(m 2 /n 2 ) crossings. In [13] , we use Theorem 1.1 to prove a strengthening of the crossing lemma under the assumption that the edges form a k-intersecting collection of curves, for some constant k. We prove that, for any drawing of a graph G = (V, E) with n vertices and m ≥ 4n edges, with no pair of edges intersecting in more than k points, there are disjoint subsets E 1 , E 2 ⊂ E, each of size Ω k (m 2 /n 2 ), such that every edge in E 1 crosses every edge in E 2 .
Our arguments made essential use of the separator theorem for intersection graphs of families of curves (or Jordan regions) such that the total number of intersections (crossings) between them is relatively small. In particular, we used the fact (Lemma 6.1) that, for any fixed k, the intersection graph G of any k-intersecting collection of n curves in the plane has a separator of size O k ( √ m), where m = |E(G)|. We do not know whether this statement remains true if we drop the assumption that any pair of curves can intersect in at most a constant number of points. In the literature, intersection graphs of continuous curves in the plane are usually called string graphs.
Question 1. Does every string graph with m edges have a separator of size O( √ m)?
It is shown in [15] that the answer is yes for "outerstring graphs," that is, for intersection graphs of grounded curves. Corollary 1.2 states that the family of string graphs representable as intersection graphs of curves in the plane, any two of which meet in at most a fixed number of points, has the strong Erdős-Hajnal property, and hence the Erdős-Hajnal property. As we have pointed out in the introduction, the family of string graphs does not have the strong Erdős-Hajnal property. We have been unable to answer the following Question 2. Does the family of string graphs have the Erdős-Hajnal property?
